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ABSTRACT

This is a partial part of our results in studying generalization of Hilbert-Schmidt and
Carleman operators in Banach spaces. This problem can be done if we preserve some
intrinsic properties of Hilbert spaces involved; for examples, reflexivity and separ ability.
The result of the generalization of Hilbert-Schmidt operator will be called SM-operator.
Infact, almost all of properties of the SM-operator preserve aimost all of properties of the
Hilbert-Schmidt operators. The application on some classical Banach spaces will appear in

the next publications.
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1. INTRODUCTION

One of the most important classes of
bounded operators is the class of

Hilbert-Schmidt operators. Let H, and H,
be Hilbert spaces. A bounded operator
A:H, ® H, is cdled a Hilbert-Schmidt
operator if there exists an orthonorma bases
{e} of H, such that

¥
a |he| <¥.
n=1
This definition implies that
A:H, ® H, is a Hilbert-Schmidt operator if

and ony if A:H,®H is a
Hilbert-Schmidt operator ; in this case

é__ | Ae,
for every orthonormal bases {e} of H,
and {d} of H,. Now, question arises,
whether such an operator can be developed in

Banach spaces The answer is postive
whenever we preserve some instrinsic

2
’

-
=a ||Ad,
n=1

properties of the two Hilbert spacesi.e.
reflexivity and separability. The separability
of Banach space X s to guarantee the
existence of countable bases of a Banach
space X and the reflexivity of a Banach
gpace X is to guarantee that the bases of
X is shrinking (Zippin,1968). Further,
Johnson..et d.,(1971) pointed out that the
existence of basesinthedual X* does imply
that adso X has a basss , see dso
(Dapa,2000;Morrisson,2001). More precisaly,
if a separable and reflexive Banach space X
has a shrinking bases, so does the dua

spaceX". For example, / , 1<p <¥, has
a bases (Schauder bases) but ¢, has not.

2. PRELIMINARY

In what follows we shal aways assume
that the Banach spaces X, Y and Z ae
reflexive and separable normed space. Let

X bethe dual space of (X,| |[|) that is the
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collection of dl continuously linear
functionals on X. We aways write (x,X)

to stand for X (x) and vice versa, for every
xT X and x'1T X,

A sequence of linearly independent
vectors {e} 1 X is caled a Schauder bases
of X if for every vector xI X there is
uniquely sequence of scalars {a,} such
that

_ g
X=aa.e.
k=1
Further, for smplicity and some reason
we assume that |e[=1 for every n. We

define a sequence of vector {€}I X',
which is called biorthonormal system of {e},
asfollows:

aas:

k=1 p

]

(x€)=¢(x)=¢

DO OO

¥
[o] * “
=a akeng‘ekgzan,
k=1
for every ni N. Itistruethat €1 X', for
€, is liner and bounded, (e.€g)=0 for

every kin and (g.6)=1 for every
k=n. The sequence {€} forms a bases of
the closed subspace [{€}]1 X'. Especidly,

we have [{€}]=X" if and only if {e} is
shrinking, i.e.,

(e.x)e. =0,

T\_g)ok

lim
ne¥ n

for every x1 X' (Lindenstrauss and
Tzafriri, 1996, Proposition 1.b.1).

Again, in what follows we shall aways
assumethat {e} and {d} are orthonormal
Schauder bases, or in short, OB of X
and Y , respectively. If Al L (X,X) ,
where L (X,)Y) is the collection of
continuously linear operators from Banach
gpace X into Banach space Y, the operator
AT L (Y,X) is caled the adjoint operator
of A if forany xI X and y'TY', we
have

(AY)=(xAY).
Then, we have
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(Ae,.d;)=(e, Ad,)
where, forevery nk=1,2,...
¥ ¥
Ae,=Q d,fAeid, =4 < Ae d,>d,
k=1 k=1
¥

:é <en’A*q<*>dK'

=
I
-

It implies
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Thedual space X' dsohasadud. It is
usually denoted by X', is caled the second

did of (X|]) ad conssts of all

continuously linear functionals on X" . For
ech fixed x1 X define X(f) to be

f(x) foral f in X'.Itisclear that X
isalinear functional on X', and since

X(O=[F (£
weseethat X in X" . Hence we can dfine
amap f from X into X~ by leting

f (x)=X for each x in X . Since for

any nonzero element X, in (X|| ||) then

thereis anelement T X' such that
[£]=1 and £'(x)=]x].

Thus, the map is linear and ||f (x)”:"x" for

each X in X .Asaconsequence, we have

9= (9]
(xx)

=sup

K=

=[]

(1.1)

Thus f isadso anisometry and setsup a

congruence between X and X~ . The
normed space isimbedded X into X by
the canonicd imbedding f in a
isometrically isomorfic way and

f (X)=X".Thus X can beconsidered as
the normed space X .
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3. MAIN RESULTS

Based on the results of the last
discusson we sat with the following
definition.

Definition 1. An operator Al L_(X,Y) is
called an M-operator from X into Y, if

for e\_/er;/ OB {e} of X and {d } of
Y.

m <¥

It is clear that if A is an SM-operator,
then the number [ A]:

1A =

is nonnegative and it does not depend on the
choice of an OSB {e} of X and an
OB {d} of Y. Let SM(X,Y) be the
collection of SM-operators from a Banach
space X into a Banach space Y .

By Definition 1 and (1.1), we have the
following theorem.

Theorem 2. An operator Al L (X,Y) isan
SM-operator if only if A" isan SM-operator,

that is, Al SM(X.,Y) if and only if
AT SM(Y',X"), and
|||4||=é (A, )
=4 4(e, Ac)
)]l

for every OB {e} of X and {d} of
Y.
Theorem 3. Let {e} and {d} be an

OB of Banach space X and Y ,

respectively. Then,

() (A=A forevery Al SMXY),

(i) SM(X,Y) isaBanachspacewith
respect to [

(iii) 1f AT SM(X,Y),then A is compact.

Proof: (i) For every xI X ,wehave
¥
Ax= g (x.€ )Ae,
k=1

and

¥
[A1£ & M lAe]

=Ml el

<Ae,d >d

Q_)o«

g
=[a

n=1

x

=1

(Ae,.d)[ld.]

Q_)o«

¢
EpMA Al

¥

x

=1

(Aen,d;)|
1 k=1

=X Al
which implies |A[£]|A].
(ii). Thespace SM (X ,Y) isanormed space

with respect to the norm |||, for:

- é °¥

i3 ||4|=4 A
Al SV (X, Y)
I4)]=oC

(null operator)

(ii.b).For every scalar a and Al SM(X,Y),
we have

Ae.d.)|® 0, for every

=00 A=0

4 (e

| laA | = m§:_1|<a Ae,.d,)

A =lal 1Al

¥
_ [o]
= |a

m=1

and

(ii.c). Forevery A BT SM(XY), we have

QJO«

Jla+B)= 5

1 [((A+B)g.d,)

E
IS

1 1
EQ')OK EQJO« EQJO« o

7 Qox 3

iy

<A¢.=11 + Ben,d:n>

Q)O« i mo«

|<Aen,d;> +<Ben,d;>|

iy

(A, d; )|+

(Be, d;>|

51



Berkala MIPA, 16(1), Januari 2006

-4 &(ne. )

[IA+ By |£[|Al|+[I8]]

The proof of the completeness of the
spaceisasfollows. Let {A} 1 SM(X,Y) be
an arbitrary Cauchy sequence. Then, for any
number e> 0, there is a poditive integer n,
such that for every two postive integers
m,n3 n,, we have

e
1A, - All<:

We went to prove that
Al SM(X,Y) such that

limfla, - Al =

Since L (X,Y) is completeand
|- AlE[lA.- Al
thereis Al L_(X,Y) such that
A A<,
forevery n3n, or
limfA - A=0.

Thus, we have

there is

é ké.«A - A’n)eﬂ dk>dk

(A - A)e.d)

e84
Ella- Al

e
< —
2
for any integers st
letting m® ¥ , we have

and mn3n . By

S

&[a((a-Aed)
£8 (A~ Ae.d)
£S
2

for any integers st andm,n3n .
S® ¥ and t® ¥ ,wehave

Letting
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&((A- Ae.d)d,

((A- Ae.d )<=
for every n3n, Therefore A - A
T SM(X,Y)and hence A=A+ (A-A)
in SV (X ,Y). Moreover,

lIA.- Al<e.

n3 n . Hence,
liml|A, - A=

(i) 1f Al SM(X,Y) and xI X, wehave

S
a
j=L

g 3
£aa

j=1 k=1

for every

Ax=§ (Axd;)d,
k=1
and for every postive integer n, we define
anoperator B : X® Y:
Bx=a (Axd;)d,.
k=1

It is clear that B 1 L (X,Y),
rank operator, and
lim|A- B, =0.

B, is afinite

Therefore, A isacompact operator.

Theorem 4. Lt X,Y and Z be Banach
spaces. If Al SM(X,Y) and BT L(Y,2),

then BAT SM(x 2) and ||oA|2 8] A
Proof: For every OSB {e} of
X, {d}1 Y and {f}‘l Z , we have

<BAe f >| £ a |B]] Ae,

H
a

1 j=1

QJO'K

n:

(Ae,d;)

FLEE

n=1 m=1

thatis BAI SM(X,Z) and

lIBAll 18] 1Al
Let SM(X) and L (X) stand for
M(X,X) and L (X,X) , respectively.

Combining the results of Theorem 3 and
Theorem 4, we have proved that SM(X) is
* - algebra, where * is an involution from
SM(X) into SM(X) satisfying :
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(A) =A;(AB) =B'A
and
(aA+B) =aA +B
for every ABT SV (X) and a rea scaar
a , as stated in the following theorem.

Theorem 5. Let X be a Banach space
having a shrinking OSB. Then, M (X) is
a Banach *- algebra and an ideal of
L, (X).

CONCLUSION

Generdization  of  Hilbert-Schmidt
operators into Banach spaces can be done by
preserving the instrinsic properties of Hilbert
spaces, i.e., separable and reflexivity. The
results, denoted by SM(X,Y) hasin genera the
same properties of those of Hilbert-Schmidt
operators.

The biorthonormal system

(({e}4a))ed 1 x4e}1 ]

and

{({a.}{ad){a. b1 v{a}i v}
is the key to solve the condition of
orthonormality in Hilbert-Schmidt operators,
used later in SM (X ,Y). For further works,
we have been using the operator in classicd
Banachspaces L, and 7 , 1< p<¥.
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