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Abstract: Phase field model has been successfully derived from ordinary metal phase field
equation to simulate the behavior of semi-crystalline polymer solidification phenomenon.
To obtain the polymer phase field model, a non-conserved phase field equation can be
expanded to include the unique polymer parameters, which do not exist in metals, for
example, polymer melt viscosity and diffusion coefficient. In order to expand this model,
we include free energy density and non-local free energy density based on HarrowelOxtoby and Ginzburg-Landau theorem for polymers. The expansion principle for a higher
order of binary phase field parameter was employed to obtain fully modified phase field
equation. To optimize the final properties of the products, the solidification phenomenon
in polymers is very important. Here, we use our modified equation to investigate the effect
of melt viscosity on the rate of solidification by employing ordinary differential equation
numerical methods. It was found that the rate of solidification is related to the melting
temperature and the kinetic coefficient.
Keywords: polymer; solidification; phase field

■

INTRODUCTION

In manufacturing industries, the use of
plastics/polymers as raw materials were steadily
increasing due to the suitability of physical properties for
many applications in comparison to other materials such
as metals. It is reflected from the plastics production rate
which grew around 3.4% in 2015 [1]. The considerations
to use the plastics due to their lightweight [2] and
relatively inexpensive to be manufactured [3] in
comparison with other materials. Facing market demands,
some researches have been performed by designing
molecular chain of polymers [4], modifying biomass
materials into potential polymers [5] and combining
conventional polymers with biomass materials [6-7] to
answer some challenges in raw materials and processing
of polymer products Futhermore, presence of natural
fibers in polymer such as polylactic acid and
polypropylene strongly implies an effect to crystallization
behaviour of the polymers, as reported in literatures [8-9].
In a plastic product manufacturing process,
crystallization behaviour of a melted polymer is very
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important variable in controlling a solidification process
to obtain a suitable degree of crystallinity [10].
Furthermore, the plastic crystallinity has a prominent
effect to the product properties such as mechanical,
thermal, optical and chemical properties.
In order to control the solidification and
morphology of melted plastics, the understanding of the
solidification mechanism of melted plastics is very
important. Plastics solidification mechanism associates
the relation between complicated conservation and
transport laws as well as micro-phase transformation
phenomena governing the plastics/polymers melt flow
and solidification. However, in reality, it is very difficult
to describe these relations analytically because of the
complexity among them. The advances in computational
modeling can overcome this predicament, thus enhance
the prediction of solidification and morphology during
the product manufacturing process.
Solidification of polymers differs from their metals
counterparts due to the effect of higher melt viscosity
and lower thermal properties, such as melting
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temperature [11-12]. The high melt viscosity, low melting
temperature, and partial crystallization feature become
the major role to the effect on nucleation growth –
solidification and morphological evolution in a polymers
product manufacturing process. Furthermore, compared
with metals counterparts, physical description about
solidification kinetics of polymers is more complicated
due to envolving a folding behaviour of very long
molecular chains.
The solidification of polymers had been modeled
using various techniques. Lovinger et al. [13] reported a
single crystal growth from the Poly(trifluoroethylene) in
the melted phase through a diffusion mechanism
approximation. Micheletti et al. [14] investigated the nonisothermal solidification of polymers using a stochastic
algorithm which is based on birthand-growth. Raabe et al.
[15] examined the kinetics and topology of polymers
solidification using three dimensions cellular automaton
model. Xu et al. [16] studied isotactic polystyrene single
crystals solidification using the phase field method.
Within this paper, we modify the phase field model which
has been settled in metals counterparts and calculate the
solidification rate in polystyrene and other polymers
through a simplifying of the phase field model.
Phase-field theory has been used in various
problems involving the microstructural evolution of
materials. Phase-field theory has been successfully applied
to calculate the motion of interfaces and phase boundaries
without explicitly tracking those interfaces [17]. For
example, this theory has been successful to describe
solidification in pure materials/compounds [18] and
alloys [19]. Warren et al. [17] and Zhu et al. [20] have
developed a two-dimensional phase field model of grain
boundary statics and dynamics for polycrystalline
materials and polymer modified bitumen, respectively. In
this paper, we extend the phase field model and simulate
the solidification of the semicrystalline polymer under the
effect of melt viscosity using phase field theory.
■

EXPERIMENTAL SECTION

Materials

In this paper, physical parameters such a melting
temperature of polystyrene, polyethylene, polypropylene,
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Table 1. The physical parameter of polymers [16,21-22]
Polymer
PS
PE
PC
PP

Tm0 (°C)
243
141
288
167

Tm (°C)
229
133.4
273
158

T (°C)
195
120
205
123

and polycarbonate, were used in the simulation (Table 1).
All of the polymers can be categorized as thermoplastics
due to the existence of both melting point temperature
and glass transition temperature as well as their
reversibility heating-cooling process.
Theoretical Model
Landau theory

Starting with the Ising model of magnetism, the
energy of a microscopic system can be described in
terms of collections of magnetic spins. This system has a
domain which contains atoms where each atom carries
a magnetic spin with value si = ± 1. This value shows
whether an atom’s magnetic moment is pointing up or
down. So, the energy of the system can be written as Eq. (1).
N v

N

i

i

−(J∑∑ si s j + B∑ si )
E{si } =
j

(1)

where J and B are the coupling constants or the pure
energy that adheres to each spin and its interactions, and
the external magnetic field, respectively. The first term
of the equation is the sum of the energies due to the
interaction of each spin (“i”) with all neighboring spins
(“j”), while the second term collects the interaction
energy of each spin with an externally imposed magnetic
field (B). This magnetic field in some cases can also be
considered as the chemical potential of the system which
can be described as follows
(2)
J = βK
(3)
B = βh
β=

1
kBT

where T, K, h, and kB are
potential, magnetic and
respectively.
According to Landau
function of the system can be

(4)
temperature, chemical
Boltzmann constant,
theory, the partition
derived from the Ising
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model of magnetism. The canonic partition function of the
system (Z) is given by
Z=

N

∑

(si = ±1)

e

N v

N

i

i

−(J ∑∑ si s j + B ∑ si )
j

(5)

The average magnetization (“m”) of the system can
be considered as the order parameter Ψ which can be
easily defined as
m =Ψ =

1 N
∑s =〈si 〉
N i i

(6)

Using Eq. (5), the free energy function (F) can be
calculated as
F = −k B T ln ( Z )
(7)
 N v

 N 
F=
−k B T  J∑∑si s j  − k B T  B∑si 


 i j

 i 



(8)

Using Eq. (8) and the number of spins N, the free
energy of each spin (ft) can be expressed as

(

N

−k B T J∑ i

F
f=
=
t
N

N

v

∑ j si s j

) + − k T ( B∑ s )
N
i i

B

N

f=

N

(9)

(10)

where f is the free energy function that belongs to the
partition function. Substitution of Eq. (10) into Eq. (9)
yields Eq. (11).
ft (m,T)=

F(m,T)
= fi + fe (m,T)
N

(11)

(12)

Put this back into our equation we will obtain

ft (m,T)=

f '' m2 fe'''' m 4
F(m,T)
= fi + fe ( m,T0 ) + e
+
+… (13)
N
2
4

In this paper, this study is only interested in the
perturbation or “noise” that disturb the system. Thus,
f1+fe(m,T0) term can be omitted. One thing that needs to
be considered is that the first order transitions typically
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(14)

Ginzburg-Landau free functional energy

According to the Ginzburg-Landau theory [23], the
interaction energy between substituents can be assumed
spatially dependent and varies between any two elements.
Let ϵ be the separation between two elements (i and j),
then the mean internal energy U can be defined as
1N
 
ij `x i − x j Ψ i 1 − Ψ j
∑∑
2 i= 1j≠i

(

) (

)

(15)

That equation can be expanded by using the
algebraic identity

)

(

2


Ψ i 1 − Ψ j =   Ψ i − Ψ j  −  Ψ i2 + Ψ j2  + 2Ψ i s  / 2





(16)

Assuming that ϵij is small for any j > ʋ and
substituting Eq. (16) into Eq. (15), the mean internal
energy (U) can be expressed into

=
U

If we consider the variation to be small, then fe(m,T)
can be expanded using Taylor series. However, fe(m,T) is
an even function thus we only need to consider the even
terms.
fe'' m2 fe'''' m 4
f=
m,T
f
m,T
+
+
+…
(
)
(
)
e
e
0
2
4

F ( m,T )
f '' m2
ft ( m,T ) = =
fi + fe ( m,T0 ) + e
N
2
fe''' m3 fe'''' m 4
−
+
3
4

=
U

From here, we can use the partition function to
obtain the free energy per spin by introducing a new term
−k B T ( F )

occurs along phases which have different topological
symmetry. For instance, there will be broken symmetry
occurs. Correspondingly, the first-order transition
crosses at a critical point where the two co-existing
phases merge into one phase. This symmetry can be
solved by adding a cubic order term with a negative sign
to the equation.



2 1 N
1N
ij  Ψ i − Ψ j  − ∑ 1 − Ψ j Ψ i  ∑ij 
∑∑
 j≠ i 
4 i=
2 i=
1j≠i
1



(

)

(17)

The interaction energy per particle ( ϵij) can be
assumed as ϵij/ʋ, where ʋ is the nearest neighbours of
elements i. Therefore, the first term of Eq. (17) can be
expressed as
2
2

2
Ψ i − Ψ T 
1 
a 2   Ψ i − Ψ R 

=
Ψ
−
Ψ
+
∑
j
4 j≠1  i
4 
a2
a2

 Ψ − Ψ 2 Ψ − Ψ 2  
L
B  
+ i
+  i


a2
a2








(18)

Hence,
2
1 
1
 2
Ψ i − Ψ j  ≈ a 2 ∇Ψ ( x i )
∑

4 j≠ i
2

(19)
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Phase field model

Phase-field model is derived based on phase
transformation using crystal order parameter concept.
This parameter distinguishes two phases, liquid and solid,
in term of φ. φ is defined as 0 and 1 for liquid and solid,
respectively. Solidification process can be described as a
continuous change of ψ value from zero to one. The
solidification process of polymers can be modeled based
on Ginzburg-Landau (GL) theory. GL theory
incorporates the change of the free energy on boundary to
explain the transformation of phase.
This theory explains about solidification of polymer
under the effect of change of temperature and distance
from the nuclei. In this theory, one needs to define a
coefficient of anisotropy in order to induce solidification.
In metal solidification, the anisotropy coefficient [ε] will
be greater than zero. However, in polymer solidification,
the anisotropy coefficient [ε] is zero. When the value is
greater than zero, the microstructure of the material
becomes dendritic. While in the case of zero value, then
the microstructure becomes spherulite. In this section,
phase field theory is derived from the definition of free
energy.
Started from the definition of free energy, classical
phase-field model of solidification of virgin material/
compound has free energy that can be written as follows:
F=
( φ)

=

∫ flocal ( φ,T )dV
∫ flocal ( φ,T ) + ∇φdV

∂t

= −Γ

δF ( φ )

δφ ( r,t )

 df
dφ
d2 φ 
= −Γ ( φ ) ∇ 
−κ

 dφ
dt
dx 2 


(21)

(22)

where κ is the phase field constant. If the coupling of the
motions between different times scales is weak, then the
interface between two parameters φ1 and φ2 can be
written as:
d2 φ
dx

λ

2

+

d2 φ
dx

as

v dφ1
d
 f ( φ ) + λf1 ( φ1 , φ1 )  =0
−
Γ1 dx dφ1  0 1

+

2

v dφ2
d
f1 ( φ1 , φ1 ) =0
−λ
dφ2
Γ2 dx

(23)
(24)

The simplest form of f1 and related f0 can be written

f0 ( φ1 )= a1φ12 − a 2 φ13 + φ14

(25)

Considering polymer within this study, Eq. (25)
representing the functional form of free energy, can be
transformed into
 ζζ
ζ + ζ 0 3 φ4
flocal (=
φ,T ) W  0 φ2 −
φ +
 2
3
4







(26)

where W is the height of the energy barrier of nucleation,
which can be expressed as

(20)

where Γ is the mobility coefficient. This coefficient is
defined as inversely proportional to the melt viscosity. To
accommodate the dynamics of interfacial surface, the
mobility is introduced as a function of the order
parameter Γ(φ). In the case of the dynamic of the crystal
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∇

W 6
=

Free energy of the system consists of local free
energy flocal(φ,T) and non-local free energy fgrad(φ,T). This
local free energy fgrad(φ,T) can be represented in a gradient
term. φ can be interpreted by phase, but here let use
generally interpret φ as crystal order parameter. The
evolution of crystal order parameter can be described as a
standard GL approach:
∂φ ( r,t )

(solid)-liquid interface, the functional form of Γ(φ)
would be more reasonable. Harrowel et al. [24] derived
the one dimensional model of the crystal-liquid interface
where the time and space evolution of phase φ can be
written as follows:

−1
∆Hu  Tm − T   ζ 0


 − ζ 
0

nRTζ 03  Tm

 2

(27)

Parameter ζ and ζ0 is the unstable energy barrier
and the stable solidification potential, respectively.
According to Xu et al. [16], substitution of Eq. (2) and
(3) into Eq. (1) obtains Eq (28), expressed as
∂ψ(r,t)
= −Γ(Wψ ( ψ − ζ ) ( ψ − ζ0 ) − κ2 ∇2 ψ)
∂t

(28)

Assuming the above equation in one dimension
and is observed from a moving frame reference with a
uniform velocity of υ = ∂ψ/∂t the Eq. (28) can be rewritten as
κ2

d2 ψ
dx

2

+

υdψ ∂f
0
+
=
Γdx ∂ψ

(29)
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According to literature [24] by setting the boundary
condition of ψ→ζ0 as x→–∞ and ψ→0 as x→+∞, we
obtain
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The results of the calculation are presented in Fig. 1
and 2. Fig. 1 shows the change of solidification surface in
respect of time while Fig. 2 shows the solidification rate in
respect of mobility coefficient Γ. The polymers used are
isotactic polystyrene (PS), medium-high density
polyethylene (PE), polycarbonate (PC) and polypropylene
(PP). All parameters such as melting temperature, melting
viscosity density, free energy, kinetic coefficient were
obtained from literatures [16,21-22]. According to
literature [16], these parameters directly or indirectly

related to supercooling, thus leading to various crystal
morphologies. So, with the inclusion of supercooling
parameter, in the case even our model only captured
coarse-grained system results (the change of
solidification surface and the solidification rate), it is
expected that the results should represent the real
phenomena. The other materials (PP, PE, and PC)
thermodynamic variables were obtained by rescaling
and comparing PS to other materials parameters in
respect to the known parameters. Because these stages
can not obtain an exact value of the solidification rate,
this study only qualitatively compare the solidification
rate for each polymer. Obtaining the unexact value of the
solidification rate may be caused by complex behaviors
of very long molecules during polymer solidification.
Fig. 1 shows the change of solidification surface in
respect of time. Dots are data acquired from simulation
and lines are fitting curve assuming that the change of
solidification surface is constant given small t. The
gradient of the curve shows the rate of solidification and
thus implying that PS has the fastest solidification rate
and it is followed by PE, PC, and PP (see Fig. 2).
According to velocity equation (Eq. (29)), the rate
of solidification depends not only on the difference
between melting temperature and crystallization
temperature but also the height of energy barrier of

Fig 1. The change of solidification surface in respect of
time for PS, PE, PC, and PP

Fig 2. The solidification rate of polymers under the
effect of mobility coefficient Γ respectively

ψ(z) =

ζ0


W
1 + exp  zζ0

2 κ2






(30)

In Eq. (29), ψ is a function of z, where z=x-vt. v is
selected velocity being.
ζ 

v = −Γκ  ζ − 0  W
2 


(31)

Note that this selected velocity does not necessarily
represent the growth rate of polymer spherulite. The
crystallization kinetics are numerically calculated from
Eq. (28) and semi-analytical solution using Eq. (31).
■

RESULTS AND DISCUSSION
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nucleation W and the order parameter Γ(φ). However, as
shown by our results (Fig. 1 and 2), the solidification rate
is affected mainly by the difference between melting
temperature and crystallization temperature. Fig. 2
implies that the lower difference between melting
temperature and crystallization temperature, the faster
crystallization rate as demonstrated by the solidification
rate of all polymers except PP.
The exception of PP in Fig. 2, may be caused by
neglecting the order parameter in comparing the
solidification rate of the polymers. Therefore the order
parameter (which is related to the melt viscosity) is more
significant parameter in determining solidification rate.
PP has very high melt viscosity. This high value yields low
mobility or the rotational diffusivity of polymer
molecules. The low mobility may yield low solidification
rate due to the somewhat low heat transfer between
isothermal surface. Although the dynamic of
solidification is a rather complex phenomenon, our
suggestion above is adequate to explain some peculiar
results for PP. The order of solidification rate (from high
to low) is PP, PS, and PE, while from the calculation, the
order of solidification rate PS, PE, and PP. Based on the
results above, calculation of the solidification rate without
considering melt viscosity value (or mobility coefficient)
gives different results, compared with using the melt
viscosity data.
Actually, the mobility value can only be
approximated using NMR relaxation spectra which is
very difficult to obtain. So, instead of using NMR
relaxation spectra, we use more opportunistic
approximation by using MFI (melt flow index) value in
the polymer. We extrapolated the known NMR relaxation
spectra (PS with Γ = 105) with the unknown value. The Γ
values obtained from gradient for each curves in Fig.1, are
then used to calculate the solidification rate (v) shown in
Fig. 2. This figure describes correlation of polymer
solidification rates with their mobility coefficients. As
explained above, the higher mobility coefficient generally
translates as higher solidification rate (as shown by PS)
and lower mobility coefficient yields lower solidification
rate (as shown by PP). However, the relation is not
proportional, since PC shows an exception where the
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solidification rate is even lower than PE. This
phenomenon may be caused by relatively high melting
and crystallization temperature of PC compared with
the others.
■

CONCLUSION

According to our calculation, PS has the fastest
solidification rate followed by PE, PC, and PP. Although
melting and crystallization rate affect the solidification
rate, mobility coefficient can affect solidification rate
too. Higher mobility coefficient generally translates to
higher solidification rate except for PC due to its high
melting and crystallization temperature. The
solidification rate model and calculation for polymer/
plastics are very important in plastics manufacturing
industries. The information of crystallization time is
conspicuous in designing the manufacturing process
since it can increase productivity and give information
about one cycle production process. Overall discussions
in this study indicate that this phase field model is
feasible to be applied to PP, PE, PC, and PS.
■
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