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Abstract: Reactive extraction is gaining higher attention due its wide application in
various solute separation processes. Here, a mathematical model of reactive extraction in
slab has been proposed. The model was developed by considering simultaneous processes
of active compound intra particle diffusion, second order elemental reaction of solute-
active compound, and intra-particle product diffusion. The obtained partial differential
equations (PDEs) were solved using Finite Difference Approximation (FDA) method by
using realistic parameters. Concentration profile as well as product yield were evaluated
as a function of time. As a result, the model proposed here may serve as a basis design for
reactive extraction unit. Sensitivity analyses was conducted to inspect the influence of slab
thickness, diffusivity and reaction rate constant to the product yield. Eventually, model
validation was conducted by comparing the simulation results with analytical solutions
for special cases. Validation results showed that the model gave good agreement with the
analytical solution.

Keywords: mathematical modeling; reactive extraction; separation; slab; simulation

m INTRODUCTION

In recent years, reactive extraction has been shown
as an attractive and promising technique for separation of
various valuable solutes and for synthesis of various
products. Its attractiveness is due to the combination of
physical and chemical processes which may enhance the
extraction yield of valuable solutes and products [1]. The
combination of two processes leads to a higher solute
distribution coefficient, a higher extraction efficiency, and
allowing transport processes intensification by increasing
mass transfer and chemical reactions rates [1-2]. Reactive
extraction is also prized for its simplicity, technical
accessibility, novelty, moderate conditions and possibility
of utilization of green, cheap and efficient chemicals [3-4].

Reactive extraction has been studied and applied in
various systems, either in liquid-liquid system [4], solid-
fluid system [5] and gas-liquid-liquid system [6]. In

applied in separation of metals [7-8], separation of
intermediates [9-10], separation of organic acids [11-
12], separation of vitamins [13], separation of lignin [14-
16], synthesis of biodiesel [17] and preparation of green
oxidants such as hydrogen peroxide [6].

There have been numerous extensive fundamental
studies focused on process optimization, kinetics,
equilibrium and modeling of liquid-liquid reactive
extraction processes[18-20]. Meanwhile, Lu et al. [6]
investigated the kinetics aspects of gas-liquid-liquid
reactive extraction process for hydrogen peroxide
production. Moreover, in the case of solid-liquid
reactive extraction processes, available literature that
mainly focus on the development of a mathematical
model for solid liquid reactive extraction is still limited.
Hence, the aim of this paper was to develop a
mathematical model of solid liquid reactive extraction to
extract valuable solute from a slab solid material.

practical terms, reactive extraction is commercially
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s MODELING METHOD

By using chemical engineering principles, a
mathematical model could be developed to improve
scientific understanding related to the reactive extraction
system behavior and to support the design of reactive
extraction system for commercial purposes.

Model Development

The mathematical model of reactive extraction of
solute from a slab material was developed based on mass
balance equations, rate process and equilibrium concepts.
The model was constructed by applying the following
mechanisms and assumptions:

(i) The solid-liquid extraction of solute from slab
material consists of the following consecutive steps:
(@) Apuk tiqui) > Agurface: the active compound (A) is
transferred from the bulk of liquid to the solid
surface
(b) A(urface) > Ainerion: the active compound in solid
surface diffuses to the inner part of the solid
particle
(c) A + B > C: the active compound reacts with the
targeted solute B producing a soluble product C
(d) Ceinterion > Csurface): the product C diffuses from the
interior part to the solid surface
(€) Ceurface) >Cooulkiiquiay: the product C is transferred to
the bulk of the liquid.
The concentration profile of A, B and C can be
schematically illustrated as shown in Fig. 1.
(ii) Step (a) and (e) are fast enough, so they do not control
the overall rate of the process and the solute
concentrations in the liquid in contact with the slab

Ca 1 Ca
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| | |
Ce | i s | Cc
| i |
| i i
i i :

x=L x=0 x=L
Fig 1. Schematic diagram of the concentration profile of
the active compound (A), solute (B) and product (C)
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surface and the one in the bulk are equal.
(iii) Diffusion of the active compound (A) and of the
soluble product (C) in the solid particle follows
ac,
ox

Fick’s and

type equation: N,=-D,.

oC
N.=-D, EC , respectively

(iv) The rate of chemical reaction can be approximated
by an elemental kinetics: -rA = -rB =rC = k..C».Cs
(v) The unreacted solute, B, is immobile in the solid.
The

simultaneous diffusion and chemical reaction simplified

volume element in one dimensional
as shown in Fig. 2.

The unsteady state mole balance in axial direction
of the active compound (A) in the solid volume element
with the thickness of Ax and cross section area of S can
be written as:

Rate of mass input — Rate of mass output = Rate of mass

accumulation

{_DeA -S- oC, ]_[_DeA .S.a&
ox |, 0x

oc,

ot
In this case, the advection term is to be neglected

]—S~AX~kI~CACB
X+Ax

(1)
=S-Ax-g-

because inside the particle, the liquid is practically

stationary. After algebraic arrangement, it is obtained:
ac,| ac,

) ox ox

limD_,

Ax—0 € AX

If Ax is taken to be infinitely small, the following

oC
-k C,C=e—2 2
T AB at ()

X+Ax

differential equation is formed:
O’C, k,C,Cy _ & 8C,
ox’ D D, ot
The mole balance of solute (B) in solid volume

3)

eA

element was developed by assuming that the solute reacted

Fig 2. Schematic diagram of reactive extraction
modeling in various scales
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with the active compound (A) and produces a soluble
product (C). In addition, the remaining solute is immobile
thus the mass balance was arranged without considering
the diffusion of B in the slab. Derivation of mass balance

of B gives:
oC, :_kr -C,C, @
ot €

Construction of mole balance of product C was
based on simultaneous internal diffusion and reaction in
the solid. Similar to the mole balance of A, the mass
balance for component C results in:

2
B Cf Lk CCy_ e oC 5)
ox D, D. ot
The initial conditions for Eq. (3-5) are:
C,(t=0,x)=0,C;(t=0,x)=C,;;C.(t=0,x)=0 (6)

The boundary conditions for Eq. (3-5), in which
comprised of the boundary conditions at the outer surface
of the slab (Eq. (7)) and the ones at the center of the slab
(Eq. (8)) are:

C,(t,x=%L/2)=C,;;C.(t,x=%L/2)=C, 7)
ac, ac oc
—2(t,x=0)=0,—=(t,x =0) = 0;—=(t,x =0) =0 8
aX(X) 8X(X) aX(X) (8)
The mass balance of A in the liquid phase produces:
D
&:__eA.zs.Nb.aCA 9)
at VL L/2

Similarly, it is obtained by the mass balance of component
C that:

o _ D g np. % (10)
ot \'s X |,

Eq. (9-10) were solved based on the following initial

conditions:

C,(t=0)=C,;C.(t=0)=0 (11)

Simulation Method: Finite Difference Approximation
and Method of Lines

The set of equations which represents the reactive
extraction system was numerically solved using the FDA
method. Due to the symmetrical system, Eq. (3-5) were
solved only from x = 0 (at the center of the slab) to x =L/2
at the outer surface of the slab. For FDA computation,
central finite difference approach was used to discretize
the first and second order differential equation in axial
direction. The results were displayed in a surface plot with
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color map showing the concentration in axial position
and time.

Evaluation of the Conversion of B (Xg) and Yield of C

The concentration profile of B in the slab interior
facilitates the evaluation of the conversion of B as a
function of time. The overall conversion of B (Xg) was
evaluated via integration of the total mass of B
remaining in the solid. Similarly, the extraction yield of
product C can also be computed as the ratio of the
amount of C released into the liquid and the initial
amount of B in the slab.

m RESULTS AND DISCUSSION
Simulation Result of Base Case

One example of solid-liquid reactive extraction
system is the separation of lignin from various biomass
using sulfuric acid as the active compound. Hence, the
proposed model was constructed and simulated by
assuming that sulfuric acid acted as the active compound
(A), lignin as the solute (B) and soluble lignin product as
the reactive extraction product (C). In the case of lignin
separation from lignocellulosic biomass, lignin is strongly
bonded to the other two components that exist in the
biomass, namely cellulose and hemicellulose, thus the
unreacted lignin was assumed to be immobile.

The parameters for base case simulation of reactive
extraction mathematical model are tabulated in Table 1,
and the background for the parameters value set for the
simulation are presented in this section. The dimension
parameters of the slab material applied for the base case
simulation were based on the dimension of the
lignocellulose material, i.e. sugarcane bagasse, which is
frequently utilized asraw material for the reactive

Table 1. Parameters for base case simulation of reactive
extraction mathematical model

Parameter Unit Parameter Unit

L=04 cm Dec=1.10%  cm?/min

nx =20 - Desa =2.10%  cm?/min
dx=L/(2.nx) Cm k. =2.10"! cm®/(mol.min)
S=4 cm? Cao=0.1 mol/cm?®
Vi=1.10° cm? Cro=0.2 mol/cm?

N, = 1.10° - e=04 -
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extraction of lignin. Zhao et al. [21] stated that
lignocellulose generally denotes to the secondary cell wall
tissue of plants and that the shape of the sugarcane
bagasse cell is simplified as a 3D cuboid with a slab shape
cell wall. Sugarcane bagasse fiber length is reported to vary
from 120 to 160 pm [22-23]. The thickness of the slab
material in this simulation was set to 4 mm and the cross
sectional area of the slab, perpendicular to the x-axis
(cm?), was 4 cm®. The length of the slab was assumed to
be equal to the width of the slab, hence the length of the
slab was 2 cm. It is logical since the milling process usually
produces bigger and longer dimensions of biomass
compared to the fiber dimension. The aspect ratio (AR),
which is defined as the dimensionless ratio between the
length and the thickness of the particle [24], was 5. This is
also a realistic assumption since according to particle
classification based on its shape factors, particles are
classified into several classes, in which one of the classes is
rectangle fibrous which has AR higher than 3.3 [24]. The
effective diffusivity of the active compound (D.a) and the
soluble product of reactive extraction (D.c) used in the base
case simulation were 2.10™* cm*/min and 1.10* cm?*/min,
respectively. The effective diffusivity of the active
compound value taken in this simulation was reasonable
since it was smaller than the molecular diffusivity of the
active compound in the liquid system commonly utilized
in the reactive extraction [21]. In the case of lignin
separation, sulphuric acid is one of the commercially
active compounds commonly used in the reactive extraction
of lignin. Since Pirogov et al. [25] mentioned that the
effective diffusivity of sulphuric acid in aqueous solution
is 2.04 x 102 cm*/min and Zhao et al. [21] stated that the
effective diffusivity of chemical compounds in solid
systems are smaller than the one in the liquid system, then
for this simulation, the effective diffusivity of the active
compound D,y which was set smaller than the effective
diffusivity of sulphuric acid in aqueous system was realistic.
Moreover, the effective diffusivity of the soluble product,
D.c, was set smaller than the effective diffusivity of the
active compound. Li et al. [26] found that diffusivity of
linear and globular molecules decrease with increasing
molecular weight, in which the linear molecules decreasing
rate is faster than the one of the globular molecules. In the
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case of the reactive extraction of lignin, the soluble product
has high molecular weight and larger size than the active
compound such as sulphuric acid. Lignin is reported to
have molecular weight ranging from 2,330-21,500 g mol™
depending on the biomass sources and the separation
processes applied [27], while molecular weight of
sulphuric acid is 98.08 g mol'. Furthermore, the
reaction rate constant for the simulation of the reactive
extraction of lignin using sulphuric acid as the active
compound was set to 2 x 10™" cm*/(mol-min), six orders
of magnitudes bigger than the reaction rate constant for
lignin extraction reported by Zhao et al. in [21] which
utilized acetic acid for the reactive extraction of lignin. It
was reported that the reaction rate constant in the early
stage of sugarcane bagasse lignin reactive extraction in
acetic acid medium ranged from 2.64 x 10°-2.46 x 10”7
cm’/(mol.min) for reactive extraction conducted at
temperatures that ranged from 90 °C-100 °C and acetic
acid concentration ranging from 70%-90% [21]. The
high reaction rate constant applied in this work was
logical since sulphuric acid is stronger than acetic acid.

The simulation results for the base case presented
in Fig. 3 shows the color maps concentration of A, B, C
as a function of the axial position (x-axis) and extraction
time (y-axis). It should be noted that x = 0 and 0.2 denoted
the center and the surface of the slab, respectively. Fig.
3(a) shows penetration of the active compound A from
the exterior to the interior part of the slab along with
extraction time. The presence of A in the slab caused
reaction with solute B. As a result, the amount of B in the
slab was depleted (Fig. 3(b)). In addition, the production
of C can be seen clearly occurring simultaneously which
showed ‘hot spots’ of concentration of C at the center of
the slab within the interval of 50-150 min (Fig. 3(c)).
With the increase of extraction time, product C would
gradually release to the bulk liquid and cause the
removal of compound C from the slab.

Evaluation of Conversion of B (Xg) and Yield C

Fig. 4 displays the results of X5 and Yield C as a
function of time. As seen here, both Xz and Yield C
increased with extraction time. However, the increase of
X3 was faster than the Yield C. The slow increase of Yield C
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Fig 4. The evolution of X and Yield C as a function of

extraction time

was conceivable due to internal mass transport resistance
for product C in the slab. The effective diffusivity of the

soluble product was smaller than the one of the active
compound, hence some of the soluble products
produced were entrapped in the pores of the slab particle
and resulted in the slower rate of the increase of Yield C
than the increase of Xs. Conversion of B as high as 99%
was achieved at 207 min while the highest Yield of C was
33.7% at the end of 240 min.

Sensitivity Analyses

Sensitivity analyses, one of the essential aspect in
good modeling practice, were performed to investigate
how variations in the observable outcome of the
mathematical model proposed can be attributed to
variations in its input factors [28]. The sensitivity analysis
was conducted to study the influence of slab thickness,
effective diffusivity of A and the reaction rate constant
to the yield of C in the liquid phase. The influence of each
parameter was evaluated by systematically changing their
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Fig 5. The influence of slab thickness (a), D.a (b) and k; (c) to the yield of C in the liquid phase

values using one of the local sensitivity analysis, One
Factor at a Time (OFAT) method.

Fig. 5(a) shows the influence of slab thickness to the
Yield C. As seen here, reducing the slab half from the base
case would give an increase of Yield. On the contrary, a
thicker slab would give lower yield. This is conceivable as
the thicker the slab the higher the internal mass transfer
resistance in the slab. The influence of D.s was evaluated
(Fig. 5(b)) to the yield of C. It appeared that higher Dea
gave higher Yield. However, increasing the Dea from 2Dea
base to 4D base gave marginal increase of the Yield. It
could be inferred that when D, is high, the Thiele Module,
a measure for the ratio of the reaction rate to the rate of
diffusion, would be smaller [29]. Fogler [30] and Sulaiman
et al. [17] mentioned that the small value of the Thiele
Module indicates that the chemical reaction is rate-limiting,
and as a result, the Yield of C would largely be controlled

by the chemical reaction. Sensitivity of Yield to the
reaction rate constant (k) is shown in Fig. 5(c). It is
logical that increasing the k, would give higher reaction
rate and thus an increase of Yield C which was confirmed
by the model.

Model Validation

The validation of the model was conducted by
comparing the results of the proposed model to the
analytical solution for special cases in which their
analytical solutions are available.

Scenario 1: The case of very slow reaction and
constant active compound concentration in the liquid

In the case of very slow reaction and constant
active compound concentration in the liquid (by setting
the volume of the liquid to be very large), the model
proposed would exhibit similar phenomena as in the
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pure absorption in a slab in which its analytical solution
is widely available from literature. The differential

equation of pure absorption is:
o’C, _ & 0C,
ox> D, ot
The initial condition and the boundary conditions

(12)

of the problem are:

C,=0fort=0atall x (13)
C,=C,atx=L,allt (14a)
oC

A —0,atx=0,all t (14b)
ox
C,=C,patt=00, all x (14¢)

Solution method for Eq. (12) with the initial and
boundary conditions of Eq.(13) and Eq. (14a-c) was found
in a previous research [31], and the solution is as follows:

¢ —c. {l_éi(—l)" co{(znﬂ)m]exp( (2n+1) (a) DeAtH (15)

non+1 2L 4el

For simulations of the pure absorption of A, we set
a number of parameters as follows: half slab thickness of
0.4 cm, diffusivity of active compound in the solid particle
(Dea) of 2.10™* cm?/min, reaction rate constant of 1.10°°
cm’/min-mol, time of extraction of 30 min by keeping
other parameters the same as in the base case. The
comparison of the numerical simulation using the
reactive extraction model and the analytical solutions are
presented in Fig. 6. It is clear that the model results are
very close to the analytical solutions. This result shows
that the model proposed for this special case is consistent.

Scenario 2: The case of very slow diffusivity or thick
slab

For very thick slab or very slow diffusivity in the
solid slab, which occurs at relatively short time, the
penetration of the active compound will be limited to the
vicinity of the slab surface. The analytical solution for this
case is also available. The differential equation is similar to
Eq. (12). Meanwhile the initial and boundary conditions

are:
C,=0fort=0atx (16)
C,=C,;atx=0allt; C, =0atx=o0all t (17)

in which x is the distance from the surface of the slab. The
solution of Eq. (12) with boundary conditions of Eq. (16-17)
is as follows [32]:
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Fig. 6 illustrates the comparison of the numerical
simulation using the reactive extraction model and the
analytical solutions for the simulations of short
penetration of the active compound from the liquid to
slab with half slab thickness of 0.4 cm, diffusivity of active
compound in the solid particle (D.a) of 1.10° cm*/min,
reaction rate constant of 1.10° cm?/min/mol, time of
extraction of 150 min, and the other model parameters
were in accordance to the base case. The comparison of the
results is presented in Fig. 7. It can be observed that the
model results are very close to the analytical solutions.
Hence, the consistency of the model is again confirmed.
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m CONCLUSION

Modeling of reactive extraction in a slab was
presented in this study. Simultaneous PDEs were solved
with the FDA method by using realistic parameters. The
simulation results gave a concentration profile as well as
product yield as a function of extraction time. It is
expected that the model may give better understanding on
the mechanism of reactive extraction and it may serve as
a basis design for reactive extraction unit as well.
Sensitivity analyses were conducted to inspect the
influence of slab thickness, diffusivity and reaction rate
constant to the product yield. Model validation was
conducted by comparing numerical and analytical
solutions for simple cases. The validation shows that the
results of the proposed model are in good agreement with
the analytical solutions for special cases.
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m Nomenclature

Ca concentration of active compound in the liquid in
the pore of the solid (mol/cm?)

Cas concentration of the active compound in the bulk of
the liquid (mol/cm’)

Cg concentration of unreacted solute in the liquid in
the pore of the solid (mol/cm?)

Cc concentration of reaction product in the liquid in
the pore of the solid (mol/cm?)

Cer concentration of soluble product in the bulk of the
liquid (mol/cm?)

Dea, Dec  effective diffusivity of A and C, respectively
(cm?/min)

€ slab porosity

k; reaction rate constant (cm?/(mol-min))

L slab thickness (cm)

Np the number of thin slabs

S cross sectional of slab, perpendicular to x axis (cm?)

Vi volume of liquid (cm?)
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